Reflection subgroups of Euclidean reflection groups by Felikson, Anna & Tumarkin, Pavel
ar
X
iv
:m
at
h/
04
02
40
3v
2 
 [m
ath
.M
G]
  5
 Ju
l 2
00
5
Reflection subgroups
of Euclidean reflection groups.
A. Felikson, P. Tumarkin
1 Introduction
Let X be an n-dimensional Euclidean, spherical, or hyperbolic space. A convex
polytope in X is called a Coxeter polytope if all its dihedral angles are integer sub-
multiples of π. A group generated by reflections with respect to the facets of a
Coxeter polytope is discrete; a fundamental domain of this group is the initial Cox-
eter polytope.
From now on by polytope we mean a finite volume polytope in the n-dimensional
Euclidean space En. A group generated by reflections with respect to the facets
of Euclidean Coxeter polytope we call a Euclidean reflection group. Finite groups
generated by reflections we call spherical groups.
A classification of reflection subgroups of spherical reflection groups may be de-
duced from [1]. A classification of reflection subgroups of Euclidean and hyperbolic
reflection groups is still incomplete. Papers [2], [3], [4] and [5] are devoted to reflec-
tion subgroups of hyperbolic reflection groups with simplicial fundamental domains.
In this paper, we classify reflection subgroups of discrete Euclidean reflection
groups.
In section 3 we make use results of [1] to classify reflection subgroups of in-
decomposable spherical reflection groups. In fact, any reflection subgroup in any
decomposable reflection group G is a direct product of reflection subgroups of inde-
composable components ofG (Lemma 1). Hence, it is sufficient to describe subgroups
of indecomposable spherical and Euclidean reflection groups. All the indecompos-
able Euclidean compact Coxeter polytopes are simplices (see [6]). Thus, to obtain
a classification of reflection subgroups of Euclidean reflection groups we only need
to classify reflection subgroups of groups generated by reflections in the facets of
Euclidean simplices.
In Section 4, we classify all indecomposable finite index reflection subgroups of
indecomposable Euclidean reflection groups. We also prove that any indecomposable
reflection subgroup is determined by its index up to an automorphism of the whole
group. Furthermore, in Section 5 we give a general description of reflection subgroups
in terms of affine root systems. In Section 6, we classify decomposable maximal
reflection subgroups. In Section 7, we consider infinite index reflection subgroups.
The authors are grateful to E. B. Vinberg for helpful discussions, and to the
anonymous referee for pointing out numerous inaccuracies in the preliminary version
of the paper.
2 Definitions and notation
A hyperplane µ is called a mirror of a reflection group if the group contains a
reflection in µ. Mirrors of a reflection group decompose the space into connected
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components (fundamental chambers); any fundamental chamber is a fundamental
domain for the group action. Reflections in facets of any fundamental chamber of a
reflection group generate the whole group.
Let H be a finite index reflection subgroup of a reflection group G. Then a
fundamental chamber of H consists of several copies of a fundamental chamber of
G. If two such copies have a facet in common then they are symmetric to each other
with respect to this facet.
To describe Coxeter polytopes we use Coxeter diagrams: nodes v1, . . ., vk of the
diagram correspond to the facets f1, ..., fk of the polytope; the nodes vi and vj are
joined by an (mij−2)-fold edge if the dihedral angle formed up by fi and fj is equal
to pi
mij
(if fi is orthogonal to fj then the nodes vi and vj are disjoint); the nodes vi
and vj are joined by a bold edge if fi is parallel to fj .
Let Σ be a Coxeter diagram with k nodes v1,...,vk. Denote by GrΣ = (gij) a
symmetric k × k matrix with gii = 1 (i = 1, ..., k), gij = − cos(
pi
mij
) when i 6= j and
vi is connected with vj by an (mij − 2)-fold edge, gij = −1 when i 6= j and vi is
connected with vj by a bold edge.
A connected Coxeter diagram Σ is called elliptic if GrΣ is positively defined; a
connected diagram Σ is called parabolic if GrΣ is degenerate and any subdiagram
of Σ is elliptic. A Coxeter polytope is called indecomposable if its Gram matrix is
indecomposable (or, similarly, its Coxeter diagram is connected). Connected elliptic
Coxeter diagrams coincide with Coxeter diagrams of indecomposable spherical Cox-
eter simplices, and connected parabolic diagrams coincide with Coxeter diagrams of
Euclidean Coxeter simplices. A Coxeter diagram of any compact Euclidean Coxeter
polytope is a disjoint union of connected parabolic diagrams. Table 1 contains the list
of Coxeter diagrams of indecomposable spherical and Euclidean Coxeter simplices.
We also use the notation B1 = C1 = A1, D2 = 2A1 and D3 = A3 (see [1]).
Denote by Σ(P ) the Coxeter diagram of a Coxeter polytope P and by GP the
group generated by reflections in the facets of P . The matrix GrΣ(P ) coincides with
the Gram matrix of P .
A survey about reflection groups and their fundamental polytopes may be found
in [7].
Let P be a Euclidean Coxeter polytope. There exists at least one vertex V of P
such that the stabilizer of V contains linear parts of all elements of GP (see [8, Ch.
6]). Vertices of that type are called special vertices of polytope P .
Now let P be an indecomposable Euclidean Coxeter polytope, i.e. a Coxeter
simplex; let V be any special vertex of P and µ be a facet opposite to V . Let v
be a node of Σ(P ) corresponding to µ. We call v a special node of Σ(P ). Notice
that Σ(P ) may contain several special vertices. However, the diagram Σ(P ) \ v does
not depend on the choice of special vertex (in other words, any two diagrams of this
type are equivalent under an automorphism of the diagram Σ(P )). Denote Σ(P ) \ v
by Σ′(P ). Denote by G′P (V ) the group generated by reflections in the facets of P
different from µ. This group does not depend on the choice of special vertex V (i.e.
for any pair of special vertices V1 and V2 of P there exists an automorphism of GP
taking V1 to V2. When the choice of V is not important we write G
′
P instead of
G′P (V ). Note that Σ
′(P ) is a Coxeter diagram of a fundamental chamber of G′P .
A subgroup GP ⊂ GF is called maximal if there is no simplex T such that GP ⊂
2
Table 1. Coxeter diagrams. Connected elliptic and parabolic Coxeter diagrams are listed in
left and right columns respectively. Special nodes are colored in white.
An (n ≥ 1)
A˜1
A˜n (n ≥ 2)
Bn = Cn
B˜n (n ≥ 3)
(n ≥ 2)
C˜n (n ≥ 2)
Dn (n ≥ 4) D˜n (n ≥ 4)
G2 G˜2
F4 F˜4
E6 E˜6
E7 E˜7
E8 E˜8
H3
H4
3
GT ⊂ GF .
A reflection group is called indecomposable if its fundamental Coxeter polytope is
indecomposable. Any reflection group is a direct product of several indecomposable
reflection groups. We call these factors components of a reflection group.
Lemma 1. Any reflection subgroup H of decomposable reflection group G is a direct
product of reflection subgroups of indecomposable components of G.
Proof. Let G = G1×G2× . . .×Gk, and let
{
ri1, . . . , r
i
li
}
be reflections generating the
group Gi. Denote by [G,G] the commutator subgroup of G. Furthermore, notice
that
G/ [G,G] ∼= Zm2 ,
where M is the number of conjugacy classes of reflections in G. In other words, any
set of reflections generating G must contain representatives of all conjugacy classes
of reflections in G. Hence, any reflection r ∈ H is conjugated in G to some rij ∈ Gi.
Since Gi ⊳ G, we obtain that r ∈ Gi, and the lemma is proved.
3 Spherical reflection subgroups
In paper [1] Dynkin classified regular semisimple subalgebras of semisimple Lie al-
gebras. For this he listed all root subsystems in finite root systems. This problem
is very close to the classification of reflection subgroups of finite reflection groups.
However, it is not the same.
In this section we make use the results of [1] to classify reflection subgroups of
finite reflection groups.
3.1 Root subsystems
Let G be a finite reflection group different from H3, H4 and G
(m)
2 (if m 6= 2, 3, 4, 6).
Then G may be thought as a Weyl group of some finite root system ∆ (see [9]).
Mirrors of G are hyperplanes on which the roots of ∆ vanish. A type of G coincide
with the type of the root system ∆.
Any reflection subgroup H ⊂ G is a Weyl group of some root system ∆1 ⊂ ∆.
The root system ∆1 consists of those roots of ∆ which vanish on mirrors of H .
Conversely, a Weyl group of any root system ∆1 ⊂ ∆ is a reflection subgroup of G.
In this way we obtain a one-to-one correspondence between reflection subgroups
H ⊂ G and root systems ∆1 ⊂ ∆.
A root system ∆1 ⊂ ∆ is called a root subsystem if the following holds:
if α, β ∈ ∆1 and α + β ∈ ∆, then α+ β ∈ ∆1 (∗)
Root subsystems of finite root systems are classified in [1]. So, for each finite
reflection group G we only need to list root systems ∆1 ⊂ ∆ which are not root
subsystems.
Condition (∗) may be reformulated in the following way. Let ∆1 ⊂ ∆ be root
systems, and let {α1, . . . , αn} be simple roots of ∆1. The root system ∆1 is a root
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subsystem of ∆ if and only if the following holds:
αi − αj /∈ ∆ if i 6= j. (∗∗)
What does condition (∗∗) mean from geometric point of view? Let ∆1 ⊂ ∆ be
root systems, let αi, αj ∈ ∆1 be simple roots of ∆1, and let αi − αj ∈ ∆. Consider
the root system generated by αi and αj . It should coincide with one of 2A1, A2, C2
or G2. For each of these systems the angle formed up by roots αi and αj is cut by
the line orthogonal to the root αi−αj (simple roots are the outward normal vectors
to the sides of the angle). The angle formed up by simple roots can not be acute, so
we have
(αi − αj)
2 = α2i + α
2
j − 2(αi, αj) ≥ α
2
i + α
2
j .
Since any finite root system contains roots of at most two different lengths, the
equality holds if and only if αi and αj are short roots of ∆, (αi, αj) = 0 when
∆ 6= G2, and (αi, αj) = −
1
2
when ∆ = G2.
In particular, we obtain the following
Lemma 2. Let ∆1 ⊂ ∆ be root systems, let Π1 and Π be simple root systems of ∆1
and ∆ respectively. Suppose that one of the following holds:
1) all the real roots of ∆ have the same length;
2) Π1 \ Π contains no short root.
Then ∆1 is a root subsystem of ∆.
Corollary 1. All reflection subgroups of the reflection groups An, Dn, E6, E7 and
E8 are listed in [1].
Hence, we only need to list root systems ∆1 ⊂ ∆ that are not root subsystems,
when ∆ = Bn (or Cn), F4 and G2, as well as reflection subgroups of reflection groups
H3, H4 and G
(m)
2 (when m ≥ 5, m 6= 6).
3.2 Subgroups of Bn
Consider the group G = Bn as the Weyl group of the root system ∆ = Bn. By [1,
Table 9] (see also [10]), the root system Bn contains subsystems of the type
Ak1 + . . .+ Aks +Dm1 + . . .+Dmr +Bm,
s∑
i=1
(ki + 1) +
r∑
i=1
mi +m ≤ n, k1 ≥ . . . ≥ ks ≥ 0, m1 ≥ . . . ≥ mr > 1, m ≥ 0.
From the other hand, the group Bn may be considered as the Weyl group of
the root system Cn. Changing lengths of roots in root subsystems of Cn (see [1,
Table 9]), we see that Bn contains root subsystems of the type
Ak1 + . . .+ Aks +Bl1 + . . .+Blp ,
where
s∑
i=1
(ki + 1) +
p∑
i=1
li ≤ n, k1 ≥ . . . ≥ ks ≥ 0, l1 ≥ . . . ≥ lp > 0.
An elementary check shows that all root systems ∆1 ⊂ ∆ consist of components
of the systems described above. More precisely, the following holds:
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Lemma 3. Let ∆ = Bn and ∆1 ⊂ ∆. Then ∆1 is of the type
Ak1 + . . .+ Aks +Bl1 + . . .+Blp +Dm1 + . . .+Dmr ,
where
s∑
i=1
(ki + 1) +
p∑
i=1
li +
r∑
i=1
mi ≤ n, k1 ≥ . . . ≥ ks ≥ 0, l1 ≥ . . . ≥ lp > 0,
m1 ≥ . . . ≥ mr > 1.
For any two root systems of the same type there exists an automorphism of ∆
taking one system to another.
Notice that components of the type A1 and D2 consist of long roots, and compo-
nents of the type B1 consist of short roots. Furthermore, two different root systems
∆1, ∆2 ⊂ ∆ may have Weyl groups H
′ and H ′′ of the same type. For example, Weyl
groups of root systems ∆1 = A3 +D2 and ∆2 = D3 + 2A1 in ∆ = B7 are reflection
groups with Coxeter diagram
At the same time, there is no automorphism of G taking one of these groups to
another.
It is easy to see that the following is true (cf. [10]):
Lemma 4. Given reflection subgroups H ′ and H ′′ of G of the same type, there exists
an automorphism of G taking H ′ to H ′′ if and only if the corresponding root systems
∆1, ∆2 ⊂ ∆ contain the same number of components of the same type (i.e. we differ
components of the type A3 and D3, A1 and B1, as well as D2, 2A1 and 2B1).
Corollary 2. Maximal rank reflection subgroups H ′ and H ′′ of the same type cannot
be taken one to another by any automorphism of G if and only if the corresponding
root systems ∆1, ∆2 ⊂ ∆ are of the type
∆1 = Bl1 + . . .+Blp + lB1 +Dm1 + . . .+Dmr +mD2,
∆2 = Bl1 + . . .+Blp + (l + 2k)B1 +Dm1 + . . .+Dmr + (m− k)D2,
where
p∑
i=1
li+
r∑
i=1
mi+l+2m = n, l1 ≥ . . . ≥ lp > 1, m1 ≥ . . . ≥ mr > 2, k 6= 0.
Now we list maximal reflection subgroups of Bn.
Lemma 5. Maximal reflection subgroups of the reflection group Bn are either Dn
or Bk +Bn−k, where k = 1, . . . ,
[
n
2
]
.
Proof. Maximality of the groups under consideration follows immediately from Lem-
mas 1 and 3.
Consider a reflection subgroup H ⊂ G = Bn. The corresponding root system
∆1 ⊂ ∆ is of the type described in Lemma 3, i.e.
∆1 = Ak1+. . .+Aks+Bl1+. . .+Blp+Dm1+. . .+Dmr ,
s∑
i=1
(ki+1)+
p∑
i=1
li+
r∑
i=1
mi ≤ n.
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The structure of the root system Bn (see [8] or [9]) shows that for any component
Aki there exists a root system of the type Dki+1 which contains Aki and which is
orthogonal to all the rest components of ∆1. Thus,
∆1 ⊂ ∆2 = Bl1 + . . .+Blp +Dk1+1 + . . .+Dks+1 +Dm1 + . . .+Dmr ,
s∑
i=1
(ki + 1) +
p∑
i=1
li +
r∑
i=1
mi ≤ n.
Furthermore, there exists a root system of the type Dm, m =
s∑
i=1
(ki + 1) +
r∑
i=1
mi,
which contains the system Dk1+1 + . . . + Dks+1 + Dm1 + . . . + Dmr and which is
orthogonal to all the components of ∆2 of the type Bli. Hence,
∆1 ⊂ ∆2 ⊂ ∆3 = Bl1 + . . .+Blp +Dm,
p∑
i=1
li +m ≤ n.
Notice also that any component Dm is contained in a root system Bm which is
orthogonal to all components of ∆3 of the type Bli . Collecting, in the similar way,
all the components of the type Bli into root system Bl for l =
p∑
i=1
li, we obtain the
claim of the lemma.
3.3 Subgroups of F4
Consider the group G = F4 as the Weyl group of the root system ∆ = F4. Table 10
of [1] contains the list of all root subsystems of the root system F4. Now we ”forget”
lengths of roots to consider these root subsystems as Coxeter diagrams of reflection
subgroups of the reflection group F4.
Lemma 6. A group 2B2 is a unique maximal rank reflection subgroup of F4 not
appearing in Table 10 of [1].
For any two maximal rank reflection subgroups of the same type there exists some
automorphism of F4 taking one of them to another.
Proof. Let H ⊂ G be a reflection subgroup of rank 4, such that a Coxeter diagram
of H does not appear in Table 10 of [1], and let ∆1 ⊂ ∆ be the corresponding root
system. Denote by α1, α2, α3, α4 simple roots of ∆1.
Since ∆1 is not a root subsystem of ∆, there exist short roots αi and αj , i =
1, . . . , 4, such that αi− αj ∈ ∆. We may assume that i = 1, j = 2. In particular, α1
is orthogonal to α2.
Note that a change of lengths of all roots of ∆ induces an automorphism of the
Weyl group G. This automorphism takes H to another maximal rank reflection
subgroup H ′ corresponding to some root system ∆′1 ⊂ ∆; a root system ∆
′
1 differs
from ∆1 by lengths of all roots only. The images α
′
i ∈ ∆
′
1 of the roots αi ∈ ∆1 are
simple roots of ∆′1.
A Coxeter diagram of H ′ is obviously the same as one of H , hence ∆′1 is not a root
subsystem of ∆, either. Since the roots α′1 and α
′
2 are long, we see that α
′
3−α
′
4 ∈ ∆.
In particular, α′3 and α
′
4 are mutually orthogonal short roots.
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Therefore, the set of simple roots of ∆′1 consists of two short roots and two long
roots, and any two roots of the same length are mutually orthogonal. Since two
roots of different lengths cannot form an angle pi
3
, we obtain that H ′ is either of the
type 4A1, or 2A1 +B2, or 2B2, so the first claim of the lemma is proved.
Further, it is shown in [1] that any two maximal rank root subsystems of ∆ = F4
of the same type are conjugated by some element of the Weyl group G. It follows
that any two maximal rank reflection subgroups corresponding to root systems of the
same type are conjugated inG. Extending the inner automorphism group ofG by the
outer automorphism described above, we see that for any two maximal rank reflection
subgroups of the same type (different from 2B2) there exists an automorphism of G
taking one to another.
Now consider subgroups of the type 2B2. Any of them is contained in some
subgroup of the type B4, and for any two subgroups of this type there exists an
automorphism of G taking one of them to another. Furthermore, any two subgroups
of the type 2B2 are conjugated in B4, and any automorphism of B4 may be extended
to an automorphism of G. This proves the second statement of the lemma.
Lemma 7. A maximal reflection subgroup of F4 is either of the type B4 or 2A2.
Proof. As we have proved before, subgroups of the type 2B2 are not maximal. Thus,
any maximal subgroup should either correspond to maximal root subsystem of ∆
or be a subgroup of smaller rank. Arguments of the proof of Lemma 6 applied to
a subgroup of smaller rank show that any such a subgroup is equivalent modulo
the automorphism group of G to a subgroup corresponding to a root subsystem
of ∆. Hence, we only need to consider subgroups corresponding to maximal root
subsystems.
All the maximal root subsystems of ∆ = F4 are listed in Table 12 of [1] (a
subsystem A3 + A1 is not maximal, see [10]). Any subgroup of the type B3 + B1 is
contained in some subgroup of the type B4, so it is not maximal, either. Subgroups
of the type B4 are obviously maximal ([F4 : B4] = 3). The same for subgroups of
the type 2A2 follows from Lemmas 1 and 6, and from the description of reflection
subgroups of B4 (Lemma 3) and D4 (Cor. 1 and [1, Table 9]).
3.4 Subgroups of G2
Rank 2 subgroups of the reflection group G2 are either of the type A2 or 2A1. All
the subgroups of the type A2 are conjugated in G2; any two subgroups of the type
2A1 are equivalent modulo the automorphism group of G2.
We present another elementary corollary of results provided in sections 3.2–3.4
and paper [1].
Lemma 8. Let G be a finite reflection group different from H3, H4 and G
(m)
2 (when
m 6= 2, 3, 4, 6). Then any two maximal rank indecomposable reflection subgroups of
G of the same type are equivalent modulo the automorphism group of G.
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3.5 Subgroups of G
(m)
2 , H3 and H4
Rank 2 reflection subgroups of G
(m)
2 are of the type G
(d)
2 , for some d | m. Maximal
rank subgroups of the groupsH3 andH4 are classified in [11]. In paricular, Theorem 1
of [11] implies that rank 2 subgroups of H3 are either of the type G
(5)
2 or 2A1.
Moreover, it follows from the same theorem that all subgroups of H4 of rank less
than 4 are not maximal. So, the classification of reflection subgroups of H3 and H4
immediately follows from the classification of reflection subgroups of the rest finite
reflection groups.
4 Indecomposable subgroups
In this section, we study indecomposable reflection subgroups of Euclidean reflection
groups.
Let P and F be Euclidean Coxeter simplices and GP be a subgroup of GF . The
group GF contains an infinite number of mutually parallel mirrors. Hence, P may
be similar to F , i.e. Σ(P ) may coincide with Σ(F ).
4.1 Similar simplices
In this section we assume that Σ(F ) = Σ(P ).
Let V be a special vertex of P . Without loss of generality we may assume that
F is a fundamental simplex of GF , such that F is contained in P and contains the
vertex V . By the definition of a special vertex, V is a special vertex of F .
Lemma 9. 1) Let F be a Coxeter simplex in En. For any k ∈ N there exists a
Coxeter simplex T such that Σ(T ) = Σ(F ), GT ⊂ GF and [GF : GT ] = k
n.
2) If simplex F is homothetic to P and GP ⊂ GF , then the dilation factor k is
positive integer number and [GF : GP ] = k
n.
Proof. 1) Let V be a special vertex of F and µ be a facet of F opposite to V . Since
V is a special vertex, there exists a mirror ν containing V and parallel to µ.
Let K be a simplicial cone with apex V and facets containing the facets of F .
Consider a group G generated by reflections in µ and ν. Mirrors of G cut simplices
Tk out of K. It is clear that Σ(Tk) = Σ(F ), GTk ⊂ GF and [GF : GTk ] = k
n.
2) Since F is a fundamental domain of GF , no mirror of GF parallel to µ separates
µ and ν. Thus, simplices Tk are only simplices contained in K which are homothetic
to F and bounded by mirrors of GP . In other words, P = Tk for some k, and
[GF : GP ] = k
n.
Lemma 10. Let F 6= P be Coxeter simplices in En such that Σ(F ) = Σ(P ) and
GP ⊂ GF . Let V be a common special vertex of F and P , and µ be a facet of P
opposite to V . The following three conditions are equivalent:
1) 1 < [GF : GP ] < 2
n.
2) No mirror of GF parallel to µ intersects the interiour of P .
3) One of the following three opportunities holds:
• Σ(F ) = Σ(P ) = C˜2, [GF : GP ] = 2;
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• Σ(F ) = Σ(P ) = G˜2, [GF : GP ] = 3;
• Σ(F ) = Σ(P ) = F˜4, [GF : GP ] = 4.
For any of these three cases the subgroup GP is determined uniquely up to an
automorphism of GF .
Proof. Let µ1, ..., µn be the facets of P containing V . Consider a diagram Σ
′(F ) =
Σ(F ) \ v, where v is a special node of Σ(F ) corresponding to µ. Suppose that
Σ(F ) 6= C˜2, G˜2 and F˜4. Then any automorphism of the diagram Σ
′(F ) is a restriction
of some automorphism of the diagram Σ(F ). Thus, the dihedral angles formed up
by µ and µ1, ..., µn are uniquely defined. Hence, P is homothetic to F , and condition
2) implies that Σ(F ) = C˜2, G˜2 or F˜4. For any of these cases there exists a unique
automorphism of Σ′(F ) that is not a restriction of an automorphism of Σ(F ). These
automorphisms lead to the subgroups shown in Table 2.
Therefore, condition 2) implies 3). Now suppose that condition 1) holds. In this
case P is not homothetic to F by the second part of Lemma 9. Thus, Σ(F ) = C˜2, G˜2
or F˜4, and condition 3) holds.
Evidently, condition 3) implies 1) and 2).
Table 2. Three exclusions. The table contains all subgroups GP ⊂ GF such that Σ(F ) = Σ(P )
and [GF : GP ] < 2
n. Vectors ξ1, ..., ξn+1 are the outward normals to the facets fi of F . The facets
are indexed as it is shown in the second column.
By ri we denote the reflection with respect to fi. The normals to the facets of P are expressed
in terms of ξ1, ..., ξn+1.
Type Σ(F ) Σ(P )
additional
vector
index
C˜2
PSfrag replacements
1 2 3
PSfrag replacements
2 3 4
ξ4 = r1(ξ2) 2
G˜2
PSfrag replacements
1 2 3
PSfrag replacements
4 3 2
ξ4 = r1r2(ξ3) 3
F˜4
PSfrag replacements
1 2 3 4 5
PSfrag replacements
4 3 2 1 6
ξ6 = r5r4r3(ξ2) 4
Lemma 11. Let P and F be similar Euclidean Coxeter simplices such that GP ⊂
GF . Then
1) The index [GF : GP ] determines the subgroup GP ⊂ GF by a unique way up to
an automorphism of GF .
2) If the subgroup GP ⊂ GF is maximal then either F is homothetic to P , or
GP ⊂ GF is one of the subgroups presented in Table 2.
Proof. Let V be a common special vertex of P and F , and assume that P contains
F .
Suppose that Σ(F ) 6= C˜2, G˜2 and F˜4. Then we can assume that P = h(F ), where
h is a homothety centered at V (see Lemma 10), and both statements of the lemma
are evident.
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Now suppose that Σ(F ) = C˜2, G˜2 or F˜4. Let µP be the facet of P opposite to
V . Let µ be the closest to V mirror of GF parallel to µP such that V /∈ µ and µ
intersects P (µ may coincide with µP ). The mirror µ cuts some simplex T out of P ,
T = h(P ), where h is a homothety centered at V with dilation factor 1
k
, k ∈ N (k
may equal one). Consider the subgroup GT ⊂ GF . Notice that GP ⊂ GT , since V is
a special vertex, and µ is the closest mirror to V parallel to µP and not containing V .
By Lemma 10, either T = F or [GF : GT ] = 2, 3, 4 respectively for Σ(F ) = C˜2, G˜2
and F˜4. Thus, [GF : GP ] = mk
n, where k ∈ N, and either m = 1 or m = 2, 3
and 4 respectively for Σ(F ) = C˜2, G˜2 and F˜4. Clearly, such a subgroup GP ⊂ GF
is completely determined by m and k, and the numbers m and k are determined
uniquely by the index [GF : GP ] = mk
n. This proves the first part of the lemma. If
the subgroup GP ⊂ GF is maximal then either m or k is equal to one. This implies
the second statement.
We provide another one fact concerning similar simplices in En.
Lemma 12. Let F and P be simplices in En, where Σ(F ) = Σ(P ) and GP ⊂ GF .
Then any automorphism of GP is a restriction of some automorphism of GF .
Proof. Let ϕ be an automorphism of GP . It is well-known (see, e.g., [12]) that ϕ
takes reflections to reflections. This means that we may consider ϕ as an isometry
of En preserving the set of mirrors of GP .
Let V be a special vertex of P , and F1 be a fundamental simplex of GF that
contains the vertex V and lies inside of P . Such a simplex F1 is unique since
Σ(F ) = Σ(P ). Then ϕ(V ) is a special vertex of a fundamental simplex ϕ(P ) of
GP , and ϕ(F1) is a simplex congruent to F contained in ϕ(P ) and containing the
vertex ϕ(V ). Denote by F2 the fundamental simplex of GF contained in ϕ(P ) and
containing ϕ(V ).
If Σ(F ) 6= C˜2, G˜2 and F˜4, then there exists a unique simplex of given volume with
Coxeter diagram Σ(F ) containing ϕ(V ) as a special vertex and contained in ϕ(P ).
Hence, F2 = ϕ(F1), so ϕ is an automorphism of GF .
Suppose now that Σ(F ) = C˜2, G˜2 or F˜4. If ϕ(F1) = F2 we have nothing to prove.
Suppose that ϕ(F1) 6= F2. Then either F1 is homothetic to P , F2 is not homothetic
to ϕ(P ), or F1 is not homothetic to P , F2 is homothetic to ϕ(P ). Thus, one of the
indices [GF1 : GP ] and [GF2 : Gϕ(P )] equals k
n, and another one equals 2kn, 3kn and
4kn respectively for the cases Σ(F ) = C˜2, G˜2 and F˜4. This contradicts to the fact
that GF1 = GF2 and GP = Gϕ(P ).
4.2 Simplices with distinct Coxeter diagrams
Now suppose that P is not similar to F .
Let µ(v) denote the facet of Coxeter simplex T corresponding to a node v of Σ(T ),
and let V be the vertex of T opposite to µ(v). Denote by GT\µ(v) the subgroup of
GT generated by reflections in the facets of T different from µ(v). In other words,
GT\µ(v) is the stabilizer of V in GT .
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Lemma 13. Let F and P be Coxeter simplices in En, where GP ⊂ GF . Then for
any node v of Σ(P ) there exists a node w of Σ(F ) such that GP\µ(v) ⊂ GFw\µ(w) for
some fundamental simplex Fw of GF .
Proof. Let V be the vertex of P opposite to µ(v). Let Fw be a fundamental simplex
of GF such that Fw is contained in P and contains V . Let w be the node of the
diagram Σ(F ) corresponding to the facet of Fw opposite to V . The stabilizer of V
in GP is a subgroup of the stabilizer of V in GF . At the same time, the stabilizers
of V in GP and GF coincide with GP\µ(v) and GFw\µ(w) respectively, so the lemma
is proved.
Lemma 13 gives a necessary condition for GP to be a subgroup of GF in terms
of Coxeter diagrams Σ(F ) and Σ(P ). This condition is easy to check: the groups
GP\µ(v) and Gg(F )\µ(u) act in the spherical space S
n−1, and we can use results of
Section 3. Straightforward check of the condition described in Lemma 13 gives rise
to the following claim:
Lemma 14. Let F and P be Coxeter simplices in En such that GP ⊂ GF and
Σ(P ) 6= Σ(F ). Then the pair of diagrams (Σ(P ),Σ(F )) coincides with one of the
pairs listed in Table 3.
In particular, Lemma 13 implies that if GP ⊂ GF and Σ(P ) = C˜2, G˜2 or F˜4, then
Σ(F ) = Σ(P ).
Further, for any pair (F, P ) with Σ(P ) 6= Σ(F ) satisfying Lemma 13 we find
simplices F1 and P1 such that Σ(F1) = Σ(F ), Σ(P1) = Σ(P ) and GP1 ⊂ GF1.
Examples of such simplices are presented in the right column of Table 3.
Lemma 15. Let F and P be Coxeter simplices in En such that the subgroup GP ⊂
GF is maximal and Σ(P ) 6= Σ(F ). Then there exist a special vertex V of P and a
fundamental simplex F1 of GF such that V is a special vertex of F1.
Proof. Let L be the set of all mirrors of GF parallel to mirrors of GP . Denote by
GL the group generated by reflections in all mirrors contained in L. Obviously,
GP ⊆ GL ⊆ GF and the subgroup GP ⊂ GF is maximal. Thus, either GL = GP or
GL = GF .
Let F1 be a fundamental simplex of GF contained in P , and let V be a special
vertex of F1. For any mirror µ of GP there exists a mirror containing V and parallel
to µ. If GL = GP then any of these mirrors is contained in GP , so V is a special
vertex of P .
Now, suppose that GL = GF . Then the set of linear parts of elements of GP
coincides with the set of linear parts of elements of GF . It follows that either
Σ(F ) = C˜n, Σ(P ) = B˜n or Σ(F ) = B˜n, Σ(P ) = C˜n. In both cases each special
vertex of P is a special vertex of some fundamental simplex of GF .
Lemma 16. Let GP ⊂ GF be a maximal subgroup, where F and P are Euclidean
Coxeter simplices with Σ(P ) 6= Σ(F ). Then GP is determined by the pair (Σ(P ),Σ(F ))
uniquely up to an automorphism of GF .
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Proof. Let P1 and P2 be simplices similar to P , and suppose the subgroups GPi ⊂ GF
to be maximal. It is sufficient to show that there exists an automorphism of GF
taking P1 to P2.
By Lemma 15, there exist a special vertex V1 of P1 and a fundamental simplex
F1 of GF such that V1 is a special vertex of F1. Let V2 be a special vertex of P2, and
F2 be a fundamental simplex of GF such that V2 is a special vertex of F2.
Consider an automorphism ϕ of GF taking F1 to F2. Notice that for any Eu-
clidean Coxeter simplex T the following holds: for any two special vertices V and
U of T there exists a symmetry of T exchanging U and V . Hence, there exists an
automorphism ψ of GF taking F2 to itself and satisfying ψ ◦ ϕ(V1) = V2. Denote
ψ ◦ ϕ(P1) by P3.
Let K2 and K3 be the minimal cones with an apex V2 containing P2 and P3
respectively.
Consider the stabilizers G′F (V2) and G
′
P (V2) of V2 in GF and GP respectively.
As it is shown in Section 3 (Lemma 8), an indecomposable maximal rank finite
subgroup G′P (V2) ⊂ G
′
F (V2) is determined G
′
F (V2) by Σ
′(P ) and Σ′(F ) uniquely up
to an automorphism of G′F (V2). Hence, there exists an automorphism ρ
′ of G′F (V2)
sending K3 to K2. Since Σ(P ) 6= Σ(F ), we may assume that Σ(P ) 6= C˜2, G˜2 and F˜4.
Therefore, ρ′ is a restriction of some automorphism ρ of GF . Let P4 = ρ(P3).
Since Σ(P ) 6= C˜2, G˜2 and F˜4, any two mirrors cutting a simplex similar to P out
of K2 are mutually parallel. The subgroup GP1 ⊂ GF is maximal, consequently P2
is cut off by a closest to V mirror described above. The same is true for P4. Thus,
P4 = P2, so ρ ◦ ψ ◦ ϕ(P1) = P2.
Lemma 17. Let GP ⊂ GP1 ⊂ GF , where F and P are Euclidean Coxeter simplices
with a common vertex V . Suppose that F is contained in P , and let P be the image
of P1 under the homothety centered at V with dilation factor k ∈ N. Then there
exists a homothety with dilation factor k taking F to F1, such that GP ⊂ GF1 ⊂ GF .
The proof is evident: take V as the center of homothety.
Summing up the above, we obtain the following
Theorem 1. Let F and P be Coxeter simplices in En, and GP ⊂ GF . Then there
exists a sequence of subgroups GP = GFl ⊂ GFl−1 ⊂ . . . ⊂ GF1 ⊂ GF0 = GF , where
GFi+1 ⊂ GFi is a subgroup described either in Table 2, or in Table 3, or in Lemma 9.
The subgroup GP ⊂ GF is determined by the index [GF : GP ] uniquely up to an
automorphism of GF .
Proof. Since [GF : GP ] < ∞, there exists a sequence GP = GFl ⊂ GFl−1 ⊂ . . . ⊂
GF1 ⊂ GF0 = GF such that any subgroup GFi+1 ⊂ GFi is maximal. Consider
those parts of the sequence, for which Σ(Fi+1) = Σ(Fi). By Lemma 11, a subgroup
GFi+1 ⊂ GFi is one described either in Table 2, or in Lemma 9. Now consider those
parts for which Σ(Fi+1) 6= Σ(Fi). By Lemmas 14 and 16, these parts are described
in Table 3, and the first statement of the theorem is proved.
We only left to show that the index [GF : GP ] determines the subgroup GP ⊂ GF
uniquely up to an automorphism of GF .
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We say that Σq ⊂ Σq−1 ⊂ . . . ⊂ Σ1 is an admissible sequence of diagrams for the
subgroup GP ⊂ GF if there exist simplices Tq = P , Tq−1, . . ., T1, T0 = F satisfying
the following conditions:
(1) Σ(Ti) = Σi, 1 ≤ i ≤ q,
(2) Σ1 = Σ(F ),
(3) GTi+1 ⊂ GTi is a maximal subgroup if Σ(Ti) 6= Σ(Ti+1),
(4) Σ(Ti) = Σ(Tj), i < j, if and only if i = 0, j = 1.
The sequence of subgroups GP = GTq ⊂ GTq−1 ⊂ . . . ⊂ GT1 ⊂ GT0 = GF satisfying
conditions (1)–(4) we also call admissible.
Now we will show that for any subgroup GP ⊂ GF there exists an admissible
sequence of subgroups.
Let GP = GFl ⊂ GFl−1 ⊂ . . . ⊂ GF1 ⊂ GF0 = GF be a sequence of subgroups
described in the theorem. Suppose that Σ(Fj) = C˜2, G˜2, or F˜4, and j > 0. Then
Σ(F ) = Σ(F1) = . . . = Σ(Fj), so the subgroup GFj ⊂ GF0 is determined by the
index [GF0 : GFj ] by Lemma 11. Hence, we may assume that Σ(Fj) 6= C˜2, G˜2, F˜4 if
j > 1.
Further, let Σ(Fi) = Σ(Fj), i < j, 1 < j. Using Lemma 17, we can subtract the
subgroups GFi+1, . . . , GFj from the sequence in the following way: if Σ(F ) = Σ(F1)
then apply a homothety with dilation factor [GFi : GFj ] to the simplices F1, . . . , Fi;
if Σ(F ) 6= Σ(F1) then apply a homothety with factor [GFi : GFj ] to the simplices
F0, . . . , Fi and insert obtained subgroups between GF and GFj+1. Note that after
any of these procedures simplex T1 is similar to F .
Thus, we need at most l−1 steps to transform the initial sequence to the required
one (if no simplex in the initial sequence is similar to F we simply insert T1 = F
between F and F1). Now, using Table 3 and Lemma 16, it is easy to find all
admissible sequences of diagrams Σq ⊂ Σq−1 ⊂ . . . ⊂ Σ1. The sequences with q ≥ 3
are listed below (for the case q = 2 see Table 3).
Σq ⊂ . . . ⊂ Σ1 [GT1 : GP ]
D˜4 ⊂ B˜4 ⊂ F˜4 2 · 3
C˜4 ⊂ B˜4 ⊂ F˜4 2
3 · 3
D˜n ⊂ B˜n ⊂ C˜n 4
For each subgroup we found some admissible sequence of diagrams. Notice that
for any pair (Σq,Σ1) there exists at most one admissible sequence Σq ⊂ Σq−1 ⊂
. . . ⊂ Σ1. Hence, it is sufficient to show that each admissible sequence of diagrams
corresponds to at most one subgroup of given index.
We are rest with two cases: q = 2 and q = 3 (see Lemma 11 for the case q = 1).
Suppose that q = 2. By Lemma 16, the subgroup GP ⊂ GT1 is determined
uniquely up to an automorphism of GT1 . In particular, [GT1 : GP ] is uniquely
determined. Hence, the index [GF : GT1 ] is determined, too. By Lemma 11, the
subgroup GT1 ⊂ GF is determined up to an automorphism of GF . Since Σ(F ) =
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Σ(T1), Lemma 12 implies that any automorphism of GT1 is a restriction of some
automorphism of GF . Thus, GP ⊂ GF is uniquely determined by [GF : GP ].
Suppose that q = 3. A direct examination shows that for each of three admissible
sequences Σ3 ⊂ Σ2 ⊂ Σ1 there exists a unique (up to an automorphism of GT1)
subgroup GT3 ⊂ GT1 . Applying the arguments used for the case of q = 2, we obtain
the theorem.
5 General description of subgroups
Given a Euclidean reflection group G, we present an algorithm to find all reflection
subgroups of G.
Let F be a Coxeter simplex, and P be a compact Coxeter polytope in En, where
GP ⊂ GF . Let P1, ..., Ps be indecomposable factors of P : P = P1 × ... × Ps, where
Pi are Euclidean simplices. For each diagram Σ(Pi), i = 1, ..., s, take an arbitrary
node ui. Then GP1\µ(u1) × ...×GPs\µ(us) is a stabilizer Fix(U,GP ) of some vertex U
of P in GP . Hence, Fix(U,GF ) contains GP1\µ(u1) × ...× GPs\µ(us). Without loss of
generality we may assume that U is a vertex of F .
Therefore, any finite index reflection subgroup of GF can be obtained as a result
of the following procedure:
1) Choose a vertex U of F and a maximal rank reflection subgroupH of Fix(U,GF )
(i.e. U is the only point of En fixed by H). Denote by K a fundamental cone of H .
We have K = K1 × ...×Ks, where Ki are indecomposable cones.
2) For each cone Ki take a mirror µi of GF such that µi ∩ Kj = ∅, j 6= i, and
µi cuts an acute-angled simplex Pi out of Ki. Let P = P1 × ... × Ps. Then GP is a
finite index subgroup of GF .
To give an explicit description of mirrors µi we use affine root systems.
Let ∆F be an affine root system such that GF is the Weyl group of ∆F . More
precisely, for each multiple edge of Σ(F ) put an arrow to arrange a Dynkin diagram
S(F ). We choose direction of arrows in order to obtain a diagram contained in Table
“Aff1” (see [8, Ch. 4]). The root system ∆F consists of two disjoint parts: the set
of real roots ∆reF and the set of imaginary roots ∆
im
F = {±δ,±2δ, ...} (see [8, Prop.
5.10]). Here δ =
∑
aiαi, αi are simple roots of ∆F , and ai are the coefficients of
the linear dependency between the columns of generalized Cartan matrix. Further,
let V be a special vertex of F , and M be a set of mirrors of GF containing V . Let
∆′F ⊂ ∆F be a finite root system that consists of all roots vanishing on mirrors
contained in M . By Prop. 6.3. of [8], ∆reF = {α+ nδ |α ∈ ∆
′
F , n ∈ Z}.
Let P be a compact Coxeter polytope in En, and GP ⊂ GF . Consider roots of
∆F vanishing on the facets of P . These roots compose a set of simple roots for some
root system ∆ ⊂ ∆F . The Weyl group of ∆ coincides with GP .
Following the procedure described above, consider an arbitrary maximal rank
finite root system ∆′ ⊂ ∆F . Let ∆
′ = ∆′1 + ... + ∆
′
s, where ∆
′
i, i = 1, ..., s, are
indecomposable components, and let Πi be a set of simple roots of ∆
′
i. For each
of Πi we should add a root βi vanishing on µi and satisfying the foolowing two
conditions: βi is orthogonal to each root of ∆
′
j if i 6= j; for any γ ∈ Πi the angle
formed up by βi and γ is not acute.
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Table 3. Indecomposable maximal subgroups. Finite index indecomposable maximal reflec-
tion subgroups of Euclidean reflection groups are listed in the table. Notation is the same as in
Table 2.
Σ(F ) Σ(P ) index
B˜n
n ≥ 3
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1
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2
D˜n
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3 4 n− 1
n
n + 22
ξn+2 = rn+1(ξn)
2
C˜n
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1 2 3 n n + 1
B˜n
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2
3 4 n n + 1
n + 2
ξn+2 = r1(ξ2)
2
B˜n
n ≥ 3
PSfrag replacements
1
3 4 n n + 1
2
C˜n
PSfrag replacements
n + 2 1 3 n n + 1
ξn+2 = r2r3r4 . . . rn(ξn+1)
2n−1
E˜8
PSfrag replacements
1 2 3 4 5 6 7 8
9
D˜8
PSfrag replacements
2
3 4 5 6 7
89
10
ξ10 = r1r2r3r4r5r6r9r3r4r5r2r1r3r9r2r4(ξ3)
2 · 33 · 5
E˜8
PSfrag replacements
1 2 3 4 5 6 7 8
9
A˜8
PSfrag replacements
1 2 7 8
10
ξ10 = r9r3r4r5r6r7r2r3r4r5r6r9r3r4r5r2r1r3r9r2r4(ξ3)
27 · 32 · 5
E˜7
PSfrag replacements
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8
A˜7
PSfrag replacements
1 2 6 7
9
ξ9 = r8r4r3r2r5r6r4r8r3r5(ξ4)
24 · 32
F˜4
PSfrag replacements
1 2 3 4 5
B˜4
PSfrag replacements
2 3 4 5 6
ξ6 = r1r2(ξ3)
3
G˜2
PSfrag replacements
1 2 3 A˜2
PSfrag replacements
4 3
2
ξ4 = r1(ξ2)
2
We can always take θi + kiδ as βi, where θi is the lowest root of ∆
′
i, and ki ∈ N.
However, sometimes there exist additional roots satisfying the conditions above. In
more details, let Si be a Dynkin diagram of Πi. If Si = Bl, Cl (l ≥ 3), F4, G2 or C2,
there exists a family of mutually parallel mirrors such that any of these mirrors cuts
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Table 4. An additional root θ′.
Si θ
′
Bl
PSfrag replacements
1 2 l− 1 l
1
2
(−γ1 + θ)
Cl
PSfrag replacements
1 2 l− 1 l
γ1 + θ
G2
PSfrag replacements
1
1 2
γ1 + γ2 + θ
C2
PSfrag replacements
1
1 2
γ1 + θ
F4
PSfrag replacements
1 2 3 4
γ1 + γ2 + γ3 + θ
an acute-angled polytope out of Ki. Namely, the roots vanishing on these family
equal θ′ + kδ, where k ∈ N, and θ′ are listed in Table 4.
It is easy to check that there are no other possibilities for βi.
Given a pair of Coxeter polytopes F and P one can ask if it is possible that
GP ⊂ GF . The following theorem gives a criterion in terms of Coxeter diagrams
Σ(F ) and Σ(P ).
Theorem 2. Let F and P be Euclidean Coxeter polytopes. A polytope T satisfying
Σ(P ) = Σ(T ) and GT ⊂ GF exists if and only if there exists an embedding of G
′
P
into G′F .
Proof. To prove that the condition is necessary, assume that T = P . Since GP ⊂ GF ,
we may also assume that P contains F , and a special vertex V of P is also a
vertex of F . Then G′P (V ) is a subgroup of the stabilizer Fix(V,GF ) of V in GF .
Clearly, there exists an embedding of Fix(V,GF ) into G
′
F (that takes any mirror
µ ∈ Fix(V,GF ) to a mirror parallel to µ and containing some fixed special vertex of
F ). Hence, we found an embedding G′P →֒ G
′
F .
To prove that the condition is sufficient, consider an image G of G′P under the
embedding G′P →֒ G
′
F . Let K be a fundamental chamber of G, and ∆
′ ⊂ ∆F be a
finite root system whose simple roots vanish on the facets ofK. Let ∆′ = ∆′1+...+∆
′
s,
where ∆′i, i = 1, ..., s, are indecomposable components, and let Πi be a set of simple
roots of ∆′i. For each of Πi we add a root θi + δ, where θi is the lowest root of
∆′i. Denote by T1 a fundamental chamber of the Weyl group of the direct sum of
resulting root systems. Clearly, GT1 ⊂ GF .
By the construction of T1, the diagram Σ(T1) is very similar to Σ(P ). The only
possible difference is that some indecomposable components B˜l may be substituted
by C˜l (and some C˜l may be substituted by B˜l). For each of these components we
take an index 2 (index 2l−1 respectively) reflection subgroup described in Table 2. In
this way we obtain a subgroup with fundamental chamber whose Coxeter diagram
coincides with Σ(P ), and the theorem is proved.
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Remark on the uniqueness
In general, a decomposable subgroup GP ⊂ GF is not determined by (Σ(P ),Σ(F ))
and [GF : GP ]. For example, see Fig. 1 for fundamental polygones of three different
subgroups GP ⊂ GF with Σ(F ) = C˜2,Σ(P ) = 2A˜1, [GF : GP ] = 2 · 4. Clearly, none
of these subgroups is equivalent to another modulo the automorphism group of GF .
However, some additional conditions imply the uniqueness (up to automorphism of
GF ).
Figure 1. Fundamental domains of three subgroups with Σ(F ) = C˜2,Σ(P ) = 2A˜1 and
[GF : GP ] = 2 · 4.
Let GP ⊂ GF be a subgroup, and let M be a set of linear parts of all elements
of GP . Suppose that GP contains reflections in all those mirrors of GF whose linear
part is contained in M . Then we say that GP is a block-maximal subgroup of GF .
Lemma 18. A block-maximal subgroup GP ⊂ GF is determined by (Σ(P ),Σ(F ))
and [GF : GP ] uniquely up to an automorphism of GF .
Proof. Without loss of generality we may assume that F is contained in P . Let V
be a special vertex of F . For any mirror µ of GP there exists a mirror containing
V and parallel to µ. Since the subgroup GP ⊂ GF is block-maximal, any of these
mirrors is contained in GP , so V is a special vertex of P .
By the definition of a block-maximal subgroup, GP is completely determined by
the stabilizer G′P of the special vertex V . As it is shown in Section 3, an embed-
ding of the maximal rank finite subgroup G′P into G
′
F is usually unique (up to an
automorphism of G′F ). The only exclusions are the subgroups described in Cor. 2.
However, for these subgroups the indices [GF : GP ] differ by factor 2
k, where k 6= 0
is the number defined in Cor. 2.
Suppose that Σ(F ) 6= C˜2, G˜2 and F˜4. Then any automorphism of G
′
F can be
extended to an automorphism of GF . Hence, the subgroup GP ⊂ GF is determined
by (Σ(P ),Σ(F )) uniquely up to an automorphism of GF .
Now, suppose that Σ(F ) = C˜2, G˜2 or F˜4. For each of these cases there exists
the only symmetry of Σ′(F ) that can not be extended to a symmetry of Σ(F ).
In other words, there are only two different embeddings of G′P into G
′
F (up to an
automorphism of GF ). It is easy to check that for these embeddings the indices
[GF : GP ] differ by factor 2, 3 and 4 respectively for Σ(F ) = C˜2, G˜2 and F˜4.
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6 Decomposable maximal subgroups
In this section we describe decomposable maximal reflection subgroups.
Let G be a reflection group, H ⊂ G be a finite reflection subgroup of G, and M
be a set of all mirrors of G that are parallel to mirrors of H . Let GM be a group
generated by all reflections with respect to the mirrors contained in M . Then we
say that GM is a G-extension of H . Obviously, GM is a block-maximal subgroup of
G.
Lemma 19. Let F be a Coxeter simplex in En, P be a decomposable polytope in
En, and GP ⊂ GF be a maximal reflection subgroup. Then GP is a GF -extension of
some maximal reflection subgroup of G′F .
Conversly, a GF -extension of decomposable maximal reflection subgroup of G
′
F is
a maximal reflection subgroup of GF .
Proof. Let L be the set of all mirrors of GF that are parallel to mirrors of GP .
Denote by GL the group generated by reflections in all mirrors contained in L. Since
GP ⊆ GL ⊆ GF and the subgroup GP ⊂ GF is maximal, either GL = GP or
GL = GF . The case GL = GF is impossible, since GP is decomposable and GF is
not. Thus, GL = GP and GP is a GF -extension of G
′
P .
Furthermore, a spherical subgroup G′P is a maximal finite subgroup of G
′
F (in-
deed, if there exists a reflection subgroup H satisfying G′P ⊂ H ⊂ G
′
F , then the
GF -extension of H is a subgroup of GF containing GP ). Therefore, any decompos-
able maximal subgroup is a GF -extension of some maximal finite (decomposable)
subgroup of GF .
From the other hand, it is clear that a GF -extension of any maximal finite sub-
group is a maximal subgroup of GF .
Corollary 3. A decomposable maximal reflection subgroup GP of an indecomposable
reflection group GF is block-maximal. Such a subgroup GP ⊂ GF is determined by
diagrams Σ(F ), Σ(P ) and the index [GF : GP ] uniquely up to an automorphism of
GF .
Proof. By Lemma 19, the subgroup GP ⊂ GF is a GF -extension of some maximal
subgroup. Thus, GP is block-maximal. The uniquness follows from Lemma 18.
Using Table 12 of [1] (see also [10]) and results of Section 3, it is easy to find
all maximal rank decomposable maximal reflection subgroups of indecomposable
finite reflection groups. Table 5 contains the complete list of them. The same
table contains the list of maximal decomposable Euclidean reflection subgroups of
indecomposable Euclidean reflection groups. To find the indices [GF : GP ] of these
subgroups we calculated volumes of P and F : [GF : GP ] =
Vol(P )
Vol(F )
, where Vol(T ) is
the volume of T .
Remark. Table 5 shows that [GF : GP ] is a multiple of [G
′
F : G
′
P ]. The reason of
this is the following. Let V be a special vertex of F and OV be the orbit of V under
the action of GF . Let V1, ..., Vk be the points of OV contained either in P or at the
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Table 5. Maximal rank decomposable maximal reflection subgroups of spherical and Euclidean
indecomposable reflection groups.
Σ′(F ) Σ′(P ) [G′
F
: G′
P
] Σ(F ) Σ(P ) [GF : GP ]
Bn = Cn
Bk +Bn−k (n
k
) B˜n B˜k + B˜n−k 2(nk
)
(= Ck + Cn−k) C˜n C˜k + C˜n−k
(
n
k
)
Dn Dk +Dn−k 2
(
n
k
)
D˜n D˜k + D˜n−k 2
2
(
n
k
)
G2 2A1 3 G˜2 2A˜1 2 · 3
F4 2A2 2
5 F˜4 2A˜2 2
5 · 3
E6 A5 +A1 2
2 · 32 E˜6 A˜5 + A˜1 23 · 32
E6 3A2 2
4 · 5 E˜6 3A˜2 2
4 · 32 · 5
E7 D6 +A1 3
2 · 7 E˜7 D˜6 + A˜1 2 · 32 · 7
E7 A5 +A2 2
5 · 3 · 7 E˜7 A˜5 + A˜2 25 · 32 · 7
E8 E7 +A1 2
3 · 3 · 5 E˜8 E˜7 + A˜1 24 · 3 · 5
E8 E6 +A2 2
6 · 5 · 7 E˜8 E˜6 + A˜2 26 · 3 · 5 · 7
E8 2A4 2
8 · 33 · 7 E˜8 2A˜4 28 · 33 · 5 · 7
boundary of P . Let GP (i) be the group generated by reflections in those facets of P
that contain Vi. To find the index [GF : GP ] it is sufficient to calculate the number
of images of F under GF contained in the polytope P :
[GF : GP ] =
k∑
i=1
|G′F |
|GP (i)|
,
where |G| is the order of G. Since GP (i) is a subgroup of G
′
P , we have
|GP (i)| =
|G′P |
[G′P : GP (i)]
.
Hence,
[GF : GP ]
[G′F : G
′
P ]
=
k∑
i=1
[G′P : GP (i)] ∈ Z.
7 Infinite index subgroups
In previous sections we assumed that the polytope P is compact, so GP ⊂ GF is
a finite index subgroup. However, sometimes a fundamental chamber of a discrete
group generated by reflections is not compact. In this section, we discuss infinite
index reflection subgroups of discrete Euclidean indecomposable reflection group GF
(where F is a Coxeter simplex).
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LetW be a discrete group generated by reflections in En, and P be a fundamental
chamber ofW . Then P is a generalized Coxeter polytope, which is a convex domain
bounded by finite number of hyperplanes f1, ..., fk, where either fi is parallel to fj,
or fi and fj form up an angle
pi
mij
, mij ∈ N. As it is shown in [6], a generalized
Euclidean Coxeter polytope is a direct product of several simplices and simplicial
cones. A Coxeter diagram of this polytope is a union of several connected parabolic
and elliptic diagrams.
Let P = P1 × ... × Ps × Ps+1 × ... × Ps+t be a decomposition of a Coxeter poly-
tope P into indecomposable components, where P1, ..., Ps are Euclidean simplices
and Ps+1, ..., Ps+t are indecomposable simplicial cones. Then Σ(P ) is a union of s
connected parabolic diagrams and t connected elliptic diagrams. Let v1, ..., vs be
special vertices of the diagrams Σ(P1), ...,Σ(Ps) respectively.
A direct generalization of arguments of Section 5 leads to the following description
of subgroups of given indecomposable Euclidean reflection group.
Consider a simplex F in En and a root system ∆F described in Section 5. Then
any reflection subgroup (that may be of infinite index) of GF can be obtained as
a result of the following procedure: choose a finite reflection subgroup G ⊂ GF (G
may not be of maximal rank); for each indecomposable component Gi of G consider
the corresponding root system ∆i ⊂ ∆F and take a positive integer ki. Now enlarge
some of ∆i by the roots θi + kiδ, where θi is the lowest root of ∆i (one can take θ
′
instead of θ for some components, see Table 4), the rest systems ∆i leave unchanged.
The Weyl group W of the resulting root system is a reflection subgroup of GF (W
may be of infinite index).
Now, suppose that the subgroup W ⊂ GF is maximal. Finite index maximal
reflection subgroups are classified in Sections 4 and 6. In the following theorem we
list all infinite index maximal reflection subgroups.
Theorem 3. Let F be a Euclidean Coxeter simplex andW ⊂ GF be an infinite index
maximal reflection subgroup. Let Σ be the Coxeter diagram of fundamental chamber
of W . Then (Σ(F ),Σ) coincides with one of the following pairs: (A˜n, A˜k+ A˜n−1−k),
k = 0, 1, 2, ..., n− 1, (D˜n, D˜n−1), (D˜n, A˜n−1), (E˜6, D˜5) and (E˜7, E˜6).
Proof. Let W ′ ⊂ G′F be a finite maximal reflection subgroup of W , and Σ
′ be a
Coxeter diagram of fundamental domain of W ′. Since W ⊂ GF is a maximal sub-
group, the subgroup W ′ ⊂ G′F is also maximal. Results of Section 3 imply that
the groups Bn, F4 and G2 have no maximal subgroups of non-maximal rank. By
Cor. 1, all maximal reflection subgroups of non-maximal rank are listed in Table 12
of [1]. Namely, in this case the pair (Σ′(F ),Σ′) coincides with one of the follow-
ing: (An, Ak + An−1−k), k = 0, 1, 2, ..., n − 1, (Dn, Dn−1), (Dn, An−1), (E6, D5) and
(E7, E6). This proves the theorem.
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